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I. JOSEPHSON JUNCTION CRITICAL CURRENT MODULATION WITH A MAGNETIC
FIELD

Consider an SIS Josephson junction with barrier thickness 2a and superconducting electrodes with
thickness much larger than the effective penetration depth. The middle of the barrier lies in the yz
plane. Apply a dc magnetic field through the barrier parallel to the electrodes B= By.

By drawing a contour of width dz in the z-direction and height much greater than the effective penetra-
tion depths in the two electrodes, one can follow the evolution of the phase of the macroscopic quantum
wavefunction on the contour and deduce a differential equation for the evolution of the gauge-invariant

phase difference along the junction in the z-direction:
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HZere def fo = 2a+ A1 + Az is the “magnetic thickness” of the barrier. This was derived under the assump-

tion that the junction is “short” (width L < A;, where A is derived below), and makes no significant
alteration to the applied magnetic field through screening.

Integrating this result along the width of the junction yields,

~v(z) = ~v(0) + QW%%. This expression contains the total flux through the junction ®; = BdcssL
divided by the flux quantum,

1(2) = 7(0) + 2 G 5.

Integrating the current density over the area of the junction yields the total current through the
junction,
I1=1 sin(*y(()))%, where I, = J.W L. This is the famous magnetic diffraction curve for modu-
lation of the critical current of a JJ with external in-plane magnetic field.

At ®; = 0 the current J = J.sin(v(z)) is uniform over the junction and it has a maximum critical
current. At ®;/®y = 1 there is a linear increase of v from «(0) to v(0) 427 from one edge of the junction
to the other, creating a single-period sinusoidal oscillation of current through the junction. This results
in zero net current through the junction.

The resemblance of the critical current diffraction pattern to single-slit diffraction in wave optics shows
the analogy to interference created by spatial variation of a phase, v(z) in this case.

The “long junction” case considers the effect of self-generated modifications of the applied magnetic

field due to screening. Starting with the differential equation derived above, ?TZ = 27:;7;”3 , NOW assume

that B = Beyt+ Bgeryr and that the total magnetic field must satisfy Ampere’s law: 6 x B = 140 J+ euo%]f.

Assuming a static situation and that the edges of the junction are far away so that B = B, (2)y only,

then Ampere’s law becomes 6%’Z(Z) = —poJz(z). Combining this with the differential equation for v(z)

yields the 1D sine-Gordon equation,
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7 = L sin(1(2)),

where /\% = %Z”JC, which defines the Josephson penetration depth A; = 1/2##0‘}#. Note that
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the Josephson penetration depth is typically much larger than the London penetration depth at the

same T'/T.. This makes Josephson vortices very elongated in the junction direction, as shown on the

class web site.

II. THE RSJ MODEL OF A JOSEPHSON JUNCTION

In general both quasiparticles and Cooper pairs can tunnel through the barrier in a Josephson junction
when a potential difference (or equivalently dy/dt # 0) is present. To include this possibility we treat
the circuit model of a JJ as a parallel combination of an ideal Josephson junction (that obeys the two
Josephson equations) and a resistor (that obeys a generalization of Ohm’s law for nonlinear resistors).



The resistance will in general depend on bias voltage and temperature, Ry = R(V,T'). This is known
as the resistively shunted junction model (RSJ).
A bias current on the JJ will in general split between the two branches and produce a total current of,
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